
Key issues: 

inelasticity ? bump = 
resonance
or else ?

dynamically 
generated σ ? quark model (nn, ss) ?

glueball ?

2. Connecting amplitudes (real 
world) and resonances 
(“unphysical sheets”) 

>> amplitude analysis <<
(analytic properties,dispersion 

relations, QCD and model input) 

1 Amplitudes for data analysis

3. What is the connection between 
resonances and QCD ?
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Outline:

Aspects of partial wave dispersion relations 

  isovector P-wave 

 things to do: example forces vs particles 

in collaboration with
Peng Guo, Marco Battaglieri, Raffaela De Vita,
Matt Shepherd, Ryan Mitchel
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“forces” : cross channel exchanges : 
production mechanisms are important 

(dynamically generated resonances)

resonances: poles on unphysical sheets 

Towards a connection  between data and resonances

potential (left hand cut)

4μ2
si

unitarity (right hand cut)

CDD poles “cut in” and produce bumps

ππ ➞ππ
partial amplitude A(s)= N(s)/D(s)
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“forces” : cross channel exchanges : 
production mechanisms are important 

(dynamically generated resonances)

resonances: poles on unphysical sheets 

Towards a connection  between data and resonances

potential (left hand cut)

4μ2
si

unitarity (right hand cut)

CDD poles “cut in” and produce bumps

ππ ➞ππ
partial amplitude A(s)= N(s)/D(s)

CDD pole (of D)
(zero of A)

CDD pole corresponds to an elementary 
particle (move out from inelastic cut when 

coupling is decreased) 
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input (“potential”) :  through crossing lhc is 
related to other physical amplitudes 

“Schrodinger” equation for the 
scattering amplitude

A(s) = 1
π

� 0
−∞ ds� ImA(s�)

s�−s + 1
π

�∞
sth

ds� ImA(s�)
s�−s

ImA(s) = R(s)ρ(s)|A(s)|2
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input (“potential”) :  through crossing lhc is 
related to other physical amplitudes 

“Schrodinger” equation for the 
scattering amplitude

A(s) = 1
π

� 0
−∞ ds� ImA(s�)

s�−s + 1
π

�∞
sth

ds� ImA(s�)
s�−s

ImA(s) = R(s)ρ(s)|A(s)|2

Dispersion relations ca 1970

x-sections known over limited energy 
range 

potential not known everywhere

  

  

  in principle many (∞) channels contribute

  

solutions are not unique (CDD)   

analyticity in all channels: complex angular 
momentum
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input (“potential”) :  through crossing lhc is 
related to other physical amplitudes 

“Schrodinger” equation for the 
scattering amplitude

A(s) = 1
π

� 0
−∞ ds� ImA(s�)

s�−s + 1
π

�∞
sth

ds� ImA(s�)
s�−s

ImA(s) = R(s)ρ(s)|A(s)|2

modern developments

QCD: interpretation of the ambiguities 
(CDD pols)  

  chiral symmetry: low energy constraints 

  Dispersion relations ca 1970

x-sections known over limited energy 
range 

potential not known everywhere

  

  

  in principle many (∞) channels contribute

  

solutions are not unique (CDD)   

analyticity in all channels: complex angular 
momentum
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if single hadron states exist: lattice is the place to find them 

On finite volume multi-meson state and 
single hadron states are discrete.

  If there are single hadron states, use volume 
dependence to disentangle 

Continuum states can have any J,P,C but not 
single hadron states 

  

  The choice of operators minimizes overlap 
with multi-meson states 

J.Dudek at al.  

>> there is evidence for single hadron states << 
(no surprising, quark model, CDD poles, etc.) 

In the continuum these these states should disappear  
through cuts onto unphysical sheets (as CDD poles)

  

Thursday, May 26, 2011



PDG (before 1988) lists two 
resonances: 

rho(770) and rho(1600)

. . . .  

30° ~ / /  
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OS ~ql 

rnEl~ 
I I I I I I I I i 116 t li8 

0 .6 8 10 1 2 1 L, GeV 
180 °  , , , , , , , , ~ , , , 
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150° , h * ÷ ÷ ÷ ,  . . . .  ! 

120 ° G~ . . . .  

9 0  ° 

60 ° 

30° + + 

~ T  ÷ _ _  , 

0 5 ~0 

I i I J i i2 i i i I i i 
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i ! i i i i i I t 1 1OOo° 
170 ° 
1.0 - 

05 "ql 3 
m~n: 

0 I I I I I i I I I I 
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5.  f f r r ~ s e  sh i f t s  Glas. d e t e r m i n e d  m t h e  e n e r g y  r a n g e  6 0 0  < mmr < 1 9 0 0  M e V .  T h e  F ig .  curves 
depict  the resul t  o f  the energy-dependent  f i t  to  the momenta ,  whereas the po in ts  w i t h  the 
errors represent the energy- independent  f i ts .  (a) Isospm 0 S-wave, (b) isospin I P- and F-waves 
and isospin 0 D-wave.  

B.Hyams et al.
  Nucl.Phys.B64(1973) 134

We will focus on the I=1, P-wave 
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PDG (before 1988) lists two 
resonances: 

rho(770) and rho(1600)
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5.  f f r r ~ s e  sh i f t s  Glas. d e t e r m i n e d  m t h e  e n e r g y  r a n g e  6 0 0  < mmr < 1 9 0 0  M e V .  T h e  F ig .  curves 
depict  the resul t  o f  the energy-dependent  f i t  to  the momenta ,  whereas the po in ts  w i t h  the 
errors represent the energy- independent  f i ts .  (a) Isospm 0 S-wave, (b) isospin I P- and F-waves 
and isospin 0 D-wave.  

B.Hyams et al.
  Nucl.Phys.B64(1973) 134

We will focus on the I=1, P-wave 

PDG (after 1988) replaces  rho(1600) 
by 

rho(1450) and rho(1700)
analysis based on a coherent sum of 

three BW’s parametrization to explain 
both photoproduction (2pi,4pi) and  

pion form factor
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depict  the resul t  o f  the energy-dependent  f i t  to  the momenta ,  whereas the po in ts  w i t h  the 
errors represent the energy- independent  f i ts .  (a) Isospm 0 S-wave, (b) isospin I P- and F-waves 
and isospin 0 D-wave.  

  2 channel K-matrix 
parametrization

 (Hyams et al.  KK channel)

PDG 2010
rho(770) and rho(1600)
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B. Diekmann, Spectroscopy of mesons containing light quarks ( u, d, s) or gluons 117 

But certainly one can state that there is a significant, additional "al'"rr intermediated 'rr+'n'-'rr°cr ° 
contribution to the bump at 1600 MeV besides a minor p-e intermediated contribution. 

It can be shown that this bump can be successfully incorporated into a two-p scenario as discussed in 
the next paragraph. A contribution as quoted from the 4"rr-* data (see below) under the assumption of a 
pe intermediation, plus a contribution from the additional "rr+'rr-'rr°rr ° channel, plus a contribution from 
the corresponding decay of the p3(1690) are appropriate for a fit to the data. An evaluation of the 
relative weights allows, however, via eq. (14) a prediction for the reaction e + e - ~  ~r+'rr-'rr°'rr °. Despite 
the poor quality of the e+e - data, consistency is found. 

The main source of insight into a "two-p scenario" stems from the 7r+Tr - channel [40]. 
Figure 8a shows results from two photoproduction experiments [42, 43]; the data points are those 

from ref. [42] with a subtraction of 50 - 20 nb due to the P3 (see below). The dashed line corresponds to 
a fit to the results of ref. [43]. Both groups observe the same pattern, which turns out to be completely 
different for the e+e - data (fig. 8b). 

Data for x/-g < 1.4 GeV stem from ref. [44], 1.4-<v-g-<2.1 GeV from ref. [45]. The full line is the 
result of a fit accounting for 
- a  "Breit-Wigner type" 0(765), relative phase +; 
- a p1(1465; F = 235 MeV) with B~,Bo+ e- = 5.2 x 10 -7, relative phase - ;  
- a p2(1700; F = 220 MeV) with B Be+~- = 6 x 10 -7, relative phase +. 
For the photoproduction data, an appropriately parametrized p and Pl, P2 as above are able to describe 
the data (full line in fig. 8a). But now the relative phases are + + - ,  i.e. they are different from the 
"+ - +"  pattern found in e+e -. Indeed, the fit to the data of ref. [43] (dashed line in fig. 8a) requires 
an opposite sign between the bump and the p tail. 

This different production "can be achieved only through dominant off-diagonal terms" [40] in 
photoproduction, i.e. VDM contributions, where the incoming and outgoing mesons were different. 
Production mechanisms of this type can explain the high cross-section in exclusive photoproduction of 
b~ [36], h~ [61], or P3 [47a-c]. There is no reason why this should not happen for photoproduction of 
radial excitations of VMs. The fit yields 

o-("!tp----~ p i p )  X B R ( p  I ~ 7r+Tr - )  = 60  +- 10 nb,  + 
o'(-¢p~ p2p ) ! BR(p2~ ' t r  rr-) =30 + - 15nb.  

10 4 

10 3 
o 

10 2 
t.u 

101 

& (a) 

I I I I I 
0.5 1.0 1.5 2.0 2.5 

Mn'n-iGeV) 

1@ 

10 2 

101 

10 0 

~ , ~  ÷~-~-.~t-~ (b) 

I I I ~ '  ~ I 
0.5 1.0 1.5 2.0 2.5 

O's (GeV) 

Fig. 8. (a) m,+~- from ~p~Ir+Ir-p. Data points from ref. [42] corrected for a contribution from the P3. Dashed line fits the data from ref. [43]. 
Full line is explained in the text. (b) e+e---* ~r+~ -, "¢g< 1.4 GeV, ref. [44]; 1.4~<v'~<~2.1 GeV, ref. [45]. 

B. Diekmann
  Phys.Rep.159(1988) 99
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  2 channel K-matrix parametrization

ρ(s)→
√

sρ(s)

K-matrix:  use “many” uncontrolled  CDD poles 
and left hand poles 

 (Hyams et al. used an “approximation”) 

Amplitude construction I

  
Imt−1 = −ρ

t−1(s) =
1

π

�
ds�

ρ(s�)

s� − s

t−1(s) = −iρ(s)

The “standard” K-matrix approximation

while what is should be is 
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Analytical structure on first Riemann sheet

tαβ(s) =
Nαβ(s)

Dαβ(s)
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2 channel K-matrix fit looking good but...
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4mk2η=14μ2

η<1

2 channel K-matrix fit looking good but...
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4mk2η=14μ2

η<1

2 channel K-matrix fit looking good but...

sCDD =∞

in tππ➙ππsL = −13.87 GeV2

sL = −0.787 GeV2
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4mk2η=14μ2

η<1

2 channel K-matrix fit looking good but...

sCDD =∞

in tππ➙ππsL = −13.87 GeV2

sL = −0.787 GeV2 sCDD = m2
ρ

η(sCDD)=1zeros
in tππ➙ππin tKK➙KK

in tππ➙KK

in tππ➙KK

sCDD = 3.884 GeV2

and another zero in KK -> KK
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4mk2η=14μ2

η<1

2 channel K-matrix fit looking good but...

  K-matrix in general unreasonable (the “reality” of the near 
poles and zeros can be checked)

sCDD =∞

in tππ➙ππsL = −13.87 GeV2

sL = −0.787 GeV2 sCDD = m2
ρ

η(sCDD)=1zeros
in tππ➙ππin tKK➙KK

in tππ➙KK

in tππ➙KK

sCDD = 3.884 GeV2

and another zero in KK -> KK
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Amplitude construction II

  use K-matrix in the data region

extrapolate using Regge 
asymptotic 

  

 Regge asymptotics 

Re t Im t
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Amplitude construction II

  use K-matrix in the data region

extrapolate using Regge 
asymptotic 

  

 Regge asymptotics 

Re t Im t

Amplitude construction III

recompute phase

and D(s) tαβ(s) =
Nαβ(s)

Dαβ(s)
via Omnes-Muskhelishvili 
integral (right hand cut)

fit a simple N to reproduce data Nαβ(s) =
λαβ

s− sL

Re t-1
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Comparison with dispersion 
relation   

assume elastic unitarity

A(s) = 1
π

� 0
−∞ ds� ImA(s�)

s�−s + 1
π

�∞
sth

ds� ImA(s�)
s�−s

ImA(s) = ρ(s)|A(s)|2crossing symmetry (low energy), 
Regge limit (high energy)
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 CDD pole required !

forces only!
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 CDD pole required !

forces only!

  

bootstrap failed   
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 CDD pole required !

forces only!

  

bootstrap failed   

  and the quark model was born or as
 lattice suggests there are single hadron 

states in the spectrum 

J.Dudek et al. 2011

Comparison with dispersion 
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ImA(s) = ρ(s)|A(s)|2crossing symmetry (low energy), 
Regge limit (high energy)
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 CDD pole required !

forces only!

  

most resonances do not originate from meson-
meson interactions but from the underlying QCD 

dynamics. 

bootstrap failed   

  and the quark model was born or as
 lattice suggests there are single hadron 

states in the spectrum 

J.Dudek et al. 2011
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resonances are not generated dynamically from 
interactions between other resonances 

 CDD pole required !

forces only!

  

most resonances do not originate from meson-
meson interactions but from the underlying QCD 

dynamics. 

bootstrap failed   

  and the quark model was born or as
 lattice suggests there are single hadron 

states in the spectrum 

J.Dudek et al. 2011

Comparison with dispersion 
relation   

assume elastic unitarity

A(s) = 1
π

� 0
−∞ ds� ImA(s�)

s�−s + 1
π

�∞
sth

ds� ImA(s�)
s�−s

ImA(s) = ρ(s)|A(s)|2crossing symmetry (low energy), 
Regge limit (high energy)
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resonances are not generated dynamically from 
interactions between other resonances 

 CDD pole required !

forces only!

  

how does it fit in with the success of dynamically generated 
resonance program from a unitarized chi-PT approach ?
It does in U chi-PT  resonances also come form short 

distance (QCD) physics via subtractions, cut offs, and not 
meson-meson interactions

most resonances do not originate from meson-
meson interactions but from the underlying QCD 

dynamics. 

bootstrap failed   

  and the quark model was born or as
 lattice suggests there are single hadron 

states in the spectrum 

J.Dudek et al. 2011

Comparison with dispersion 
relation   

assume elastic unitarity

A(s) = 1
π

� 0
−∞ ds� ImA(s�)

s�−s + 1
π

�∞
sth

ds� ImA(s�)
s�−s

ImA(s) = ρ(s)|A(s)|2crossing symmetry (low energy), 
Regge limit (high energy)
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B. Discontinuity for P-Wave

if we only consider P-wave, we have

Disc12T
3π
11 (s, s12) (39)

=
1

128π2

�

1− 4m2
π

s12
M∗11

2π→2π(s12)T
3π
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Applications J/Ψ ➞ π+π-π0, K+K-π0

Isobar model interactions (diagonal and channel mixing )
and re-scattering (beyond isobar)
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Khuri-Treiman (1960)
Pasquier-Pasquier (1968-1970)

Aitchison,Brehm (late 70’s) 

re-scattering corrections are small
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FIG. 5: Real and Imaginary part of Tρ1(s, sij) in channel
J/Ψ→ ρ(770)π → 3π for ζBW

1 (sij) in Eq.(18).

As we have seen in previous sections, three body

rescattering effect can indeed improve the Breit-Wigner

parametrization, however, obvious difference of Dalitz

plot from experiment and single Breit-Wigner cannot

be completely explained by single channel rescattering

effect. Before we consider the contribution from other

channel, we want to see how three body rescattering ef-

fect can change the ππ channel amplitude, then, first of

all, let’s try to use the following input of integral equation

ζ1(sij) =
N11

D11(sij)
= N11e

sij
π

R∞
4m2

π
ds� ϕππ(s�)

s�(s�−sij) , (20)

where normalization constant N11 =
M11(M

2
ρ )

M2
ρ−4m2

π
D11(M2

ρ )

and

ϕππ =
i

2
ln
M∗

11

M11
. (21)

then the solutions of T1(s, sij) for J/Ψ decay channel

from integral equation is shown in Fig.6. As we can

see, three pions rescattering reduce the amplitude be-

low about 2 GeV. However, it doesn’t make dramatic

difference from single channel production amplitude.

Considering the lesson we learn from coupled channels

about scattering amplitudes, especially, from the Dalitz

plot of J/Ψ→ 3π data, we can clearly see the area in the

middle of Dalitz plot is quite empty, and the ρ(770) band

in each channel has a broad tail which are quite opposite

in ππ scattering amplitude, we may need to consider the

contribution from channel J/Ψ → KK̄π. In this case,

a two channels P-Wave production amplitudes can be
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-500
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R
e[

T 1(s
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[T
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,s ij)]

T1(s,sij)

T1
Res(s,sij)

FIG. 6: Real and Imaginary part of T1(s, sij) of JΨ decay
with and without rescattering for ζ1(sij) = N11

D11(sij) .

written in general as

TP = |pk|M(sij)

� 1
q 0

0
1
k

� �
Gππ(sij)

GKK(sij)

�
. (22)

we can choose Gn(sij) to remove the poles of M ma-

trix elements, so, we can have a general coupled channel

production amplitude for J/Ψ→ 3π

T1(s, sij) = q|pk|[
P11(sij)

D11(sij)
+ (sdr − sij)

P12(sij)

D12(sij)
]. (23)

where sdr is the location of an artificial peak in function
D11(sij)
D12(sij)

which is the solution of equation

K11 −
k2

2
Re[U22](K11K22 −K2

12) = 0. (24)

and similar to
1

D11(sij)
, we have

1

D12(sij)
= (sij −M2

ρ )e
sij
π

R∞
4m2

π
ds�

ϕπK (s�)
s�(s�−sij) . (25)

where

ϕπK = δππ + δKK =
i

2
ln
M∗

12

M12
. (26)

Now, the analytical structure of production amplitude

T1(s, sij) is clear, the function
1

D11(sij)
is poles free and

has only a righthand cut starting at ππ normal thresh-

old 4m2
π, the function

D11(sij)
D12(sij)

is also poles free and has

a righthand cut starting at KK̄ normal threshold 4m2
K .

Short distance Long distance
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Scattering amplitude

Decay amplitude

Fπ, FK

  this unitary relations have simple
 (algebraic) solution provided Nαβ(s) = N(s)  

  

Application to J/Ψ ➞ π+π-π0

P-wave ππ

2

the decay. It is |F |2 that determines the distribution of

events in the Dalitz plot, i.e. |F |2 = const. yields a flat

distribution. Since
�

i pi = 0 in the J/ψ rest frame, any

two pion momenta can be used instead of p+ and p− in

Eq.(2) to specify the orientation of the decay plane.

The isobar model makes a specific assumption about T ,
i.e. the decay is assumed to proceed via a quasi two-body

process in which a pair of pions in a low partial wave and

a spectator are formed without any further interactions.

The isobar model violates unitarity, which forces interac-

tions between pions from the quasi two-body state and

the spectator to be included. If the quasi two-body state,

however, is dominated by a low-mass, narrow resonance,

then the overlap between the resonance and the specta-

tor pion wave functions is expected to be small. Indeed,

in the case of the ππN final state at a total center of

mass energy below 2 GeV [4, 5] (one of the very few phe-

nomenological analyses of re-scattering effects in three-

particle systems that we are aware of), the re-scattering

corrections were found to not exceed 20% [6]. In the case

of the J/ψ with even higher center of mass energy and

with a pronounced ρ resonance in ππ, we expect these

effects to be even smaller. Nevertheless, it will be impor-

tant to quantify the size of such re-scattering effects in

three-body J/ψ decays, in particular in view of the very

high statistics data currently being collected at BES III.
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FIG. 1: Definition of the decay angles in the J/ψ rest frame
(left and top right) and the π+π− isobar rest frame (bottom
right).

The two lowest ππ partial waves allowed in J/ψ decay

have L = 1 (P) and L = 3 (F). Little is known about

higher partial waves, but the F -wave is already very weak

with the phase shift staying below 5
0
for energies up to

1.45 GeV [7]. In the following we will thus keep only the

P -wave in our isobar analysis. Within the isobar model

with a single P -wave ππ isobar, the amplitude T in Eq.(1)

is given by

Tλ =

�

i=0,±

�

µ=±,0

D1∗
λ,µ(ri)d

1
µ,0(θi)Fµ(sjk) (3)

where the angles are illustrated in Fig.1 and the indices

ijk run through cyclic permutations of 0,+,− [8, 9]. Here

λ is the spin projection of the J/ψ, which, together with
the x and y defined with respect to a lab coordinate sys-

tem, defines the z axis. The rotation rk is given by three

Euler angles, rk = rk(φk,ϑk,ψk), which rotates the stan-

dard configuration that corresponds to the (ij)k coupling

scheme (with the ij forming the L = 1 isobar and πk
be-

ing the spectator) to the actual one. In the standard

configuration πk
has momentum along −z and πi

and πj

have momenta in the xz plane with πi
having a positive

x component. Finally, θk is the polar angle of the πi

in the πiπj
rest frame. In other words, φk and ϑk, are

the azimuthal and polar angles, respectively, of the total

momentum of the πiπj
pair in the 3π rest frame, while

ψk and θk are the azimuthal and polar angles, respec-

tively, of the πi
in the πiπj

rest frame (i.e. the isobar

rest frame). For the three possible coupling schemes, the

corresponding Euler rotations, ri, i = ±, 0, are related to

each other by

r0 = r+r(0,χ+, 0) = r−r
−1

(0,χ−, 0), (4)

where χ+(χ−) is the angle between π+
(π−

) and π0
in

the 3π rest frame. This enables us to write T in terms of

D(r0) alone:

Tλ =

�

µ,ν=±,0

D1∗
λ,ν(r0)

�
d1ν,0(θ0)δνµFµ(s+−)+

+ d1µν(χ+)d
1
µ,0(θ+)Fµ(s−0) + d1νµ(χ−)d

1
µ,0(θ−)Fµ(s0+)

�
.

(5)

The helicity amplitudes, Fµ, are linear combinations of

the L − S coupling, isospin-I amplitudes, F J
ILS [10]. In

the case considered here with I = L = S = 1, only a

single amplitude, F 1
111, contributes, and

Fµ(sij) = − 1√
6

3

4π
�1µ|1, µ; 1, 0�F 1

111(sij), (6)

which implies F0 = 0 and F1 = −F−1. Finally, compar-

ing with Eq.(2), in the isobar model we obtain

F (s+−, s0+, s−0) = − 1√
6

3

4π

�

ν=±
(δν,1 + δν,−1)d

1
1,0(θ0)F1(s+−) + (d11,ν(χ−) + d1−1ν(χ−))d

1
1,0(θ−)F1(s0+)

+ (d11,ν(χ+) + d1−1,ν(χ+))d
1
1,0(θ+)F1(s−0). (7)

The role of P -wave inelasticity in J/ψ → π+π−π0
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We discuss the importance of inelasticity in the P -wave ππ amplitude on the Dalitz distribution
of 3π events in J/ψ decay. The inelasticity, which becomes sizable for ππ masses above 1.4 GeV,
is attributed to KK̄ → ππ re-scattering. We construct an analytical model for the two-channel
scattering amplitude and use it to solve the dispersion relation for the isobar amplitudes that
parametrize the J/ψ decay. We present comparisons between theoretical predictions for the Dalitz
distribution of 3π events with available experimental data.
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I. INTRODUCTION

One of the most outstanding difficulties of experimen-
tal light quark spectroscopy – like in studies of char-
monium decays to light quark mesons at BES III [1]
or future studies of photoproduction at GlueX – is in
the disentanglement of overlapping and interfering me-
son states, which often have widths of several hundreds
of MeV. This requires amplitude analyses, where exper-
imental distributions are described by a seies of theo-
retical amplitudes ( decay amplitudes ) with each am-
plitude generally multiplied by a freely fit parameter (
production amplitudes). In the past, decay amplitudes
were generally written using the isobar model, i.e. as-
suming a multi-particle decay proceeded through a se-
ries of two-body resonance decays with the resonance de-
cays usually parametrized as Breit-Wigner amplitudes.
This model, however, is known to violate unitarity. With
high-statistics data samples now available at BES III and
later in GlueX, as well as other current and future exper-
iments, more careful attention must now be paid to the
theoretical descriptions of the decay amplitudes, and phe-
nomena such as final-state re-scattering and inelasticity
must be considered.

The decay J/ψ → π+π−π0, which is observed to pro-
ceed dominantly through ρπ, provides a simple context
in which re-scattering effects can be studied. Here the
ππ system is limited to either JPC = 1−− (P -wave) or
3−− (F -wave). Neglecting the small 3−− component, this
reaction thus provides clean access to P -wave ππ scat-
tering. The decay J/ψ → π+π−π0 has previously been
studied experimentally by BES II [2] and BaBar [3], but
limited statistics prevented any detailed analysis of the
3π substructure. BES III will soon have a set of J/ψ de-
cays many times larger than what is now available, and
this data set could be used to greatly improve many of
the theoretical uncertainties associated with re-scattering
effects.

In this work, we present a coupled channel analysis of
J/ψ → π+π−π0 decays in which we consider both ππ
and KK̄ isospin-1 intermediate states. In particular, we
take advantage of unitarity constraints to reconstruct the

amplitudes based on their analytical properties. Unitar-
ity relates the discontinuity of the isobar amplitude to
the scattering amplitude and we use the available data
on P -wave ππ scattering to construct analytical ππ and
KK̄ scattering amplitudes. We show that available data
on the 3π decay of the J/ψ is inconsistent with the single
channel parametrization. The effect of the intermediate
KK̄ pairs is to enhance the contribution from the tail of
the ρ(770) while reducing contributions from higher-mass
ρ excitations.
This paper is organized as follows. In the following

section, we discuss the analytical properties of the pro-
duction and scattering amplitudes. We also construct
an analytical model for two-channel ππ and KK̄ scatter-
ing and finally compare theoretical predictions with the
experimental data. A summary is given in Section III.

II. P -WAVE ππ EFFECTS IN J/ψ → π+π−π0

DECAY

For each helicity state, λ, of the J/ψ, the amplitude to
decay to three pions is a function of three angles and two
invariant masses. In the rest frame of the J/ψ, the angles
may be chosen to specify the orientation of the plane
formed by the momenta of the three produced pions with
respect to the direction of polarization of the J/ψ. The
invariant masses correspond then to the Dalitz variables
describing the 3π system. Denoting the four-momenta
by p±,0, P for π±, π0 and J/ψ, respectively, the general
expression for the amplitude is given by

�π0π+π−, out|J/ψ(λ), in� = (2π)4δ4(
�

i=0,±
pi − P )iTλ,

(1)
with, in the rest frame of the J/ψ,

Tλ = −i�(λ) · (p̂+ × p̂−)F (s+−, s0+, s−0). (2)

Here � is the polarization vector of the J/ψ, the Dalitz
invariants are defined by sij = (pi + pj)2 for i, j = ±, 0
and satisfy s+− + s0+ + s−0 = M2 + 3m2

π, p̂i = pi/|pi|,
and the scalar form factor F describes the dynamics of
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FIG. 7: The isobar form factor |Fπ(s)| with a single ππ
channel (dashed) and with both ππ and KK̄ channels (solid)
using the same parameters as in Fig. 10.

FIG. 8: The J/ψ → π+π−π0 Dalitz plot distribution from
the BES Collaboration [2].

region and reduces the contribution at the center of the
Dalitz plot. In Fig. 10 we show the event distribution
using aπ = −1.5× 10−1GeV−2 and rπ/K = −1.3× 10−2.

The normalization constant N is at this stage arbitrary
since we are not determining the absolute value of the
branching ratio.

Now, inspecting the Dalitz plot in Fig.10 and the
plot of the function |F̂π(s)| in Fig.7, it is seen that the
KK̄ channel can indeed bring theory closer to the data
by enhancing the ππ contribution in the energy range
1 GeV <

√
s < 1.5 GeV and reducing the strength of the

ρ�(1600) peak.
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FIG. 9: Dalitz plot distribution with the single ππ channel
only i.e. F̂1(s) = qπpπ/D11 instead of Eq.(44).
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FIG. 10: Dalitz plot distribution from F̂1 in Eq.(44) with
both the ππ and KK̄ channels with aπ = −1.5× 10−1GeV−2

and rπ/K = −1.3× 10−2.

III. SUMMARY

We have studied the effects of inelastic ππ scattering
on the J/ψ → 3π Dalitz plot. We have seen that the
KK̄ → ππ channel can significantly alter the shape of the
Dalitz plot, especially at higher ππ masses. This brings
the observed data closer to the phenomenological expec-
tations based on ππ P -wave scattering. These coupled
channel effects will become even more important as ex-
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Broad bump in low mass KK region is difficult to 
be explained by a single BW.

11

FIG. 11: The J/ψ → K+K−π0 Dalitz plot distribution from
the BES Collaboration [11].
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with rπK = −0.8.

and a new resonance, the X!1835", in J= ! !"#"$#0

decays [4]. Some of these new structures have not been
observed in other experiments. For example, the strong p !p
mass threshold enhancement is neither observed in p !p
cross section measurements, nor in B decays [5]. These
experimental observations are unexpected and have stimu-
lated interest in searching for other new hadron states in
J= decays. Since the J= has JPC % 1$$ and zero iso-
spin, its decays are particularly useful for spin-parity and
isospin determinations of hadronic states found in its de-
cays. In this Letter, we report the first observation of a
broad 1$$ resonant structure in the invariant mass spec-
trum of K#K$ in the channel J= ! K#K$"0. The re-
sults come from an analysis of 5:8& 107 J= decays
detected with the upgraded Beijing Spectrometer (BESII)
at the Beijing Electron-Positron Collider (BEPC). No evi-
dence of such a broad resonance was observed in MARK
III or DM2 experiments [6].

BESII is a large solid-angle magnetic spectrometer
that is described in detail in Ref. [7]. Charged particle
momenta are determined with a resolution of $p=p %
1:78%

!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
1# p2!GeV=c2"

p
in a 40-layer cylindrical main

drift chamber (MDC). Particle identification is accom-
plished by specific ionization (dE=dx) measurements in
the MDC and time-of-flight (TOF) measurements in a
barrel-like array of 48 scintillation counters. The dE=dx
resolution is $dE=dx % 8:0%; the TOF resolution is mea-
sured to be $TOF % 180 ps for Bhabha events. Outside of
the TOF counters is a 12-radiation-length barrel shower
counter (BSC) comprised of gas tubes interleaved with
lead sheets. The BSC measures the energies and directions
of photons with resolutions of $E=E ’ 21%=

!!!!!!!!!!!!!!!!!
E!GeV"

p
,

$% % 7:9 mrad, and $z % 2:3 cm. The iron flux return
of the magnet is instrumented with three double layers of
counters that are used to identify muons. In this analysis, a
GEANT3-based Monte Carlo (MC) package with detailed
consideration of the detector performance is used. The
consistency between the data and MC simulations has
been carefully checked in many high-purity physics chan-
nels, and the agreement is reasonable [8].

Candidate J= ! K#K$"0 events are required to have
two oppositely charged tracks, each of which is well fitted
to a helix that is within the polar angle region j cos&j< 0:8
and with a transverse momentum larger than 70 MeV=c.
For each track, the TOF and dE=dx information are com-
bined to form particle identification confidence levels for
the ", K, and p hypotheses; the particle type with the
highest confidence level is assigned to each track. The
two charged tracks are required to be identified as kaons.
Candidate photons are required to have an energy deposit
in the BSC greater than 50 MeV and to be isolated from
charged tracks by more than 15'; at least two photons are
required. A four-constraint energy-momentum conserva-
tion kinematic fit is performed to the K#K$!! hypothesis
and '2 < 10 is required. For events with more than two

selected photons, the combination with the smallest '2 is
chosen. Figure 1(a) shows the fitted !! invariant mass
distribution, where a "0 signal is evident. Candidate "0’s
are identified by the requirement j M!! $m"0 j
<0:04 GeV=c2. To reduce the background events with
misreconstructed "0’s, the energies (E!1, E!2) of the two
photons from the "0 are required to satisfy j!E!1 $
E!2"=!E!1 # E!2"j< 0:8. To suppress background from
the radiative decay process J= ! !"0K#K$, we require
the candidate events to fail a five-constraint kinematic fit to
the !"0K#K$ hypothesis ('2

!"0K#K$ > 50), where the
invariant mass of the !! pair associated with the "0 is
constrained to m"0 [9].

The Dalitz plot for the selected 10 631 events is shown in
Fig. 1(b), where a broad K#K$ band is evident in addition
to the K(!892" and K(!1410" signals. This band corre-
sponds to the broad peak observed around 1:5 GeV=c2 in
the K#K$ invariant mass projection shown in Fig. 1(c).

Backgrounds for this decay channel have been studied
using both data and MC simulations. The cleanliness of
the "0 signal shown in Fig. 1(a) indicates that non-"0

background processes correspond to only about 2% of
the selected events. The K#K$ mass distribution for
the "0 sideband events with 0:2 GeV=c2 <M!!!"<
0:35 GeV=c2, shown in Fig. 1(d), has a different character
from that of the signal [shown in Fig. 1(c)]. A MC study
indicates that background from J= ! (" ! "#"$"0

FIG. 1 (color online). (a) The !! invariant mass distribution.
(b) The Dalitz plot for K#K$"0 candidate events. (c) The
K#K$ invariant mass distribution for K#K$"0 candidate
events; the solid histogram is data and the shaded histogram is
the background (normalized to data). (d) The K#K$ invariant
mass distribution for the "0 mass sideband events (not normal-
ized).
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A broad peak is observed at low K"K! invariant mass in J= ! K"K!!0 decays found in a sample of
5:8# 107 J= events collected with the BESII detector. The statistical significance of the broad resonance
is much larger than 5". A partial wave analysis shows that the JPC of this structure is 1!!. Its pole
position is determined to be $1576"49

!55%stat&"98
!91%syst&' MeV=c2 ! i

2 $818"22
!23%stat&"64

!133%syst&' MeV=c2.
These parameters are not compatible with any known meson resonances.

DOI: 10.1103/PhysRevLett.97.142002 PACS numbers: 13.25.Gv, 13.75.Lb, 14.40.!n

The J= meson has been useful for searches for new
hadrons and studies of light hadron spectroscopy. Recently,
a number of new structures have been observed in J= 
decays. These include strong near-threshold mass enhance-

ments in the p !p invariant mass spectrum from J= ! #p !p
decays [1], the p !" and the K! !" mass spectra in J= !
pK! !" decays [2], the !$ mass spectrum in the double–
Okubo-Zweig-Iizuka suppressed decay J= ! #!$ [3],
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FIG. 13: Dalitz plot distribution from F KK̄
1 ( in Eq.(36) with

rπK = −0.8 and F Kπ
1 ( in Eq.(37) with r12 = 0.

FIG. 14: F τ
S (broken) vs F τ

V (solid) vs Data from Babar [13].
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FIG. 15: dΓKπ
d
√

s
vs Data from Babar [13].
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Summary:

Dispersion relations constrain partial waves  

 CDD ambiguities: use lattice as guidance

 resonances are generated from short distance physics and not 
from meson-meson rescattering

 explore full analyticity and unitarity constraints from crossed 
channels (L-plane singularities)
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