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 Chiral perturbation theory
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3. Scattering amplitude/observables

Perturb. expansion in powers of soft scales over 
the χ symmetry breaking scale Q ∈ (pi/Λχ, Mπ/Λχ)
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4. Heavy baryon expansion
Special care needed to ensure that the nucleon mass does not spoil the power counting
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HB approach: (covariant) nonrelativistic expansion of the Lagrangian
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 ChPT: beyond heavy baryon

∝ arctan x

1

The imaginary part of the triangle diagram is proportional to 

with

Near threshold, formally: the HB approach corresponds to the expansion:
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Solutions (extraction of the soft part of the amplitude):

Infrared regularization: expand the integrand, evaluate 
the integrals using DR and resum...
Ellis & Tang;  Becher & Leutwyler

Extended on-mass-shell renormalization: covariant approach + DR + properly 
chosen subtraction to get rid of hard pieces.
Fuchs, Gegelia, Japaridze, Scherer
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 Inclusion of  the spin-3/2 DOF
Why to include Δ(1232) as an explicit DOF?

Low excitation energy:  
Strong coupling to the pion-nucleon system

∆ ≡ m∆ −mN = 293 MeV ∼ 2Mπ

1

In standard ChPT, effects of the Δ are included implicitly (through LECs)
large values of the (Δ-saturated) LECs may spoil convergence

explicit treatment in SSE: ∆ ∼ O(Mπ)
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Expansion parameter:  

Price to pay: more LECs, calculations considerably more involved... 

Hemmert, Holstein, Kambor
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Expansion parameter:  

Price to pay: more LECs, calculations considerably more involved... 

Inclusion of spin-3/2 fields (Rarita-Schwinger formalism) in chiral EFT is non-trivial...

Maintaining the proper number of DOF in the interacting theory, chiral & gauge 
invariance

Off-shell parameters in the effective Lagrangian

Pascalutsa; EE, Krebs, Meißner;  Wies, Gegelia, Scherer; Shklyar, Lenske

Ellis, Tang;  Pascalutsa; EE, Krebs, Meißner

Hemmert, Holstein, Kambor
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 Heavy baryon Chiral EFT  
with explicit Δ (1232)
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 πN scattering: Δ-less vs Δ-full 

Q2, no ∆ Q2 with ∆ Q3 no ∆ EM98

a+0+ 0.41 0.41 0.49 0.41± 0.09

b+0+ −4.46 −4.46 −5.23 −4.46

a−0+ 7.74 7.74 7.72 7.73± 0.06

b−0+ 3.34 3.34 1.62 1.56

a−1− −0.05 −1.32 −1.19 −1.19± 0.08

a+1− −2.81 −5.30 −5.38 −5.46± 0.10

a−1+ −6.22 −8.45 −8.16 −8.22± 0.07

a+1+ 9.68 12.92 13.66 13.13± 0.13

1

ε2:

ε:

Tree level: πN scattering at NLO in SSE: 

One finds:

The LECs c1, c2, c3, c4 are determined from a fit to S- and P-wave threshold parameters.

Q2 with Δ is performing better/worth than Q2/Q3 in the Δ-less theory

Numerical values of c2, c3 and c4 strongly 
reduced once Δ is included explicitly

ci

c2 = −2.84 → −0.25 , c3 = −3.87 → −0.79 , c4 = 2.89 → 1.33

1

(all values in units of GeV-1)

(in units of 10-2 Mπn); from: Krebs, EE, Meißner, EPJA 32 (07) 127
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 πN scattering: Δ-less vs Δ-full 

+ many more diagrams...

Similar conclusions from the leading loop analysis: ε3 more accurate than Q3 
Fettes, Meißner ’98

from: Fettes, Meißner, Nucl. Phys. A679 (01) 629

order-Q3

order-Q4

order-ε3
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 Extensions to the Δ-region
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FIG. 10: P33 phase shifts (in degrees) as a function of WCM (in MeV), the CM energy including the nucleon

mass. The EFT strict heavy-baryon expansion at LO (NNLO) is represented by the red dashed (black solid)

line. The NLO curve coincides with LO. The light-blue band outlines the estimated systematic error of the

NNLO curve. The green dots are the results of the GW phase-shift analysis [28]. Points marked by a red

star (black square) are inputs for LO (NNLO).

TABLE I: Low-energy constants extracted at LO, NLO, and NNLO from the fits using the strict heavy-

baryon expansion (strict) and the partial resummation (semi).

δ (MeV) hA κ

LO NLO NNLO LO NLO NNLO NNLO

strict 293 293 320 1.98 4.21 2.85 0.050

semi 293 293 305 2.71 2.71 2.92 0.058

treated differently than higher orders in Q/MQCD. One can estimate the errors in the NNLO values

as the variation in each LEC within which the NNLO P33 curve in FIG. 10 roughly stays within

the error band. This is of course not a rigorous statistical method; it only serves to indicate how

confident we are about the fitted LEC values. This way we find δ/MeV, hA, and κ to be within

∼ ±4, ±0.30, and ±0.030, respectively, of the NNLO values in TABLE I.

The delta-nucleon mass splitting is related to the position of the delta pole, which can be found

by seeking the root of

S−1
∆ (E) = E − δ + iΓ(E)/2 = 0 . (108)

It yields the values given in TABLE II under the label “strict”, which agree fairly well with the

values from the GW PSA [28] and from the Review of Particle Physics [1]. In addition to the
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FIG. 7: Angular distribution of the γp differential cross section at low energies. Data points are
from Ref. [5]. The long-dashed orange line represents the sum of nucleon and pion Born graphs,

the blue dashed line gives the NLO χPT prediction, and the red solid line is the full result at NLO
in the δ-expansion. The dots give an estimate of the theoretical error.
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FIG. 8: Angular distribution of the γp differential cross section. Legend for the curves is the same
as in Fig. 7. Data points are from Refs. [5] – MAMI’01, [1] – SAL’93, [4] – LEGS’01.
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The generic assignment                      in the SSE does not account for enhancement of 
the one-delta-reducible graphs in the delta region  (and thus converges only for ω well 
below Δ). Extension to the Delta-region requires resummation of 1ΔR graphs. 

ω ∼ Mπ ∼ ∆

1

Ellis,Tang ’98;  Pascalutsa, Phillips ’03; Pascalutsa, Vanderhaeghen ‘05-’08;  Long, van Kolck ’10

ΣΔ ΣΔ ΣΔ

γp differential cross section in the δ-expansion P33 πN phase shift

from: Pascalutsa, Phillips, PRC67 (03) 055202 from: Long, van Kolck, NPA840 (10) 39

δ-expansion: δ ∈
�

∆

Λχ
,
Mπ

∆

�

1

order-Q3

order-Q2

NLO-δ
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 Implications for nuclear forces   
Given the importance of the Δ in the 
πN system, one expects implications 
for nuclear forces as well...

Donnerstag, 26. Mai 2011



 Implications for nuclear forces   

Δ-less theory

Two-nucleon force in EFT with and without Δ
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Δ-less theory

Two-nucleon force in EFT with and without Δ
Δ-full theory: additional graphs

NLO

N2LO

LO

Ordonez, Ray & van Kolck.’96,
Kaiser, Gerstendorfer & Weise ‘98

Krebs, E.E., Meißner EPJA 32 (2007) 127
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 Implications for nuclear forces   
2π-exchange up to N2LO
with Δ without Δ

LO (OPE)
NLO

NNLO
NLO-Δ

NNLO-Δ

3F3 partial wave up to N2LO

a much better convergence for the 
potential when Δ is included explicitly

clearly visible in NN peripheral waves

NNLO

NLO
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 V2CS in EFT with explicit Δ: 
Lorentz-invariant approach
in collaboration with Veronique Bernard, Hermann Krebs & Ulf-G. Meißner
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 V2CS and polarizabilities
photon energy: ν = P · q/mN

1

photon virtuality 

Spin-dependent forward tensor for V2CS:

i
�

d4x eiq·x�PS|TJµ(x)Jν(0)|PS� = − i

2
�µναβqα

�

Sβ S1(ν, Q2) +
1

m2
N

(P · qSβ − S · qPβ)S2(ν, Q2)

�

1

The structure functions S1,2 are related 
via dispersion integrals to the ones 
G1,2 measured in polarized spin-
dependent inclusive lepton-nucleon 
scattering. 

X
nucleon

lepton
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The structure functions S1,2 are related 
via dispersion integrals to the ones 
G1,2 measured in polarized spin-
dependent inclusive lepton-nucleon 
scattering. 

X
nucleon

lepton

For small photon energy, S1,2 (elastic contrib. subtracted) can be expanded powers of ν2:

S̄1(ν, Q
2) =

∞�

i=0

S̄(2i)
1 (0, Q2)ν2i , S̄2(ν, Q

2) =
∞�

i=0

S̄(2i+1)
2 (0, Q2)ν2i+1

1
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Generalized polarizabilities:
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1

can be measured (using dispersion integrals) and computed in ChPT
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 V2CS and polarizabilities
Previous calculations within chiral EFT

HB ChPT up to order Q4

 Ji, Kao, Osborne, Spitzenberg, Vanderhaeghen, Birse, McGovern, Kumar

Only well-known LECs from        contribute 
Large discrepancy for γ0 even at the photon point

IR ChPT up to order Q4

Bernard, Hemmert, Meißner ’03
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HB ChPT with explicit Δ up to order ε3 (leading loop)
Kao, Spitzenberg, Vanderhaeghen ’02

Sizable, negative contribution to     ;     less sensitive...γ0/δ0

1

γ0/δ0

1

L(2)
πN

1
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 V2CS and polarizabilities
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FIGURE 6. The generalized spin polarizabilities as function of Q2. Left panels: $ p
T T , value at Q2 = 0

(triangle) measured at MAMI and ELSA [16], CLAS data [36] at finite Q2 (open circles: measured, full
circles: including extrapolation to DIS). Solid line: the one-pion contribution of MAID [14], dotted and
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with the results a = 0.62± 0.05± 0.18 and b = 0.77± 0.11± 0.27. The prediction of
HBChPT at O(p4) agrees, a = 0.58 [41], whereas Lorentz invariant BChPT O(p4)
yields a much larger value a = 1.87 [35].

Recent experimental results for the forward spin polarizabilities (FSPs) of proton and
neutron are shown in Fig. 6. The left panel compares $ p

T T (Q2) with ChPT and MAID in
the low-Q2 region. Whereas MAID reproduces the values close to the photon point, it
misses the data at larger momentum transfers. As in the case of real photons, the pre-
dictions of ChPT miss the data completely. In the central panel, $ p

T T is multiplied with
a factor Q6, because this product approaches the third moment of the structure function
g1 at large values of Q2. In the limit of Bjorken scaling, this moment should approach
a plateau, which may have been actually reached at Q2 = 4−5 GeV2. These results are
remarkable for the following reasons. The FSP at the photon point is −1 (here and in
the following in units of 10−4 fm−4), a very small value compared to the RCS backward
spin polarizability of about −38. The data points at the highest values Q2 translate into
FSPs of about 3 · 10−4, four orders of magnitude smaller than the RCS value, that is,
the generalized polarizabilities disappear rapidly if Q2 approaches the scaling region.
The right panel in Fig. 6 shows the two FSPs of the neutron, $n

T T (Q2) and & n
LT (Q2). The

agreement with MAID is quite acceptable, in particular for & n
LT (lower part of the panel).

Contrary to all expectations, ChPT fails to describe & n
LT even at Q2 = 0.1 GeV2.

The validity of the BC sum rule is demonstrated by the upper panel of Fig. 7 show-
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dictions of ChPT miss the data completely. In the central panel, $ p

T T is multiplied with
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g1 at large values of Q2. In the limit of Bjorken scaling, this moment should approach
a plateau, which may have been actually reached at Q2 = 4−5 GeV2. These results are
remarkable for the following reasons. The FSP at the photon point is −1 (here and in
the following in units of 10−4 fm−4), a very small value compared to the RCS backward
spin polarizability of about −38. The data points at the highest values Q2 translate into
FSPs of about 3 · 10−4, four orders of magnitude smaller than the RCS value, that is,
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 V2CS and polarizabilitiesFigure 1: Tree diagrams atO(ε3). Solid, double, dashed and wiggly lines denote
nucleons, deltas, pions and photons, in order. The filled circle is an insertion
from L(2)

πN∆.

Figure 2: Delta-loop diagrams at O(ε3). Solid, double, dashed and wiggly lines
denote nucleons, deltas, pions and photons, in order. Crossed graphs are not
shown.

L(2)
πN∆ appear first at third order in the SSE. Note further that at

this order there are no unknown low-energy constants (LECs),
since the couplings hA and b1 can be determined from the de-
cays ∆ → Nπ and ∆ → Nγ, respectively. Furthermore, the
fourth order contributions from the pion-nucleon Lagrangian
are given in terms of gA, κp and κn and are thus also free of
unknown parameters. The predictions for the generalized spin
polarizabilities are thus parameter-free. It is also important to
stress that in the covariant scheme employed here one has more
loop diagrams at leading order as compared to the heavy baryon
approach (cf. Fig. 2 in [4]). In that approach, these graphs only
appear at fourth order due to the additional counting in the in-
verse baryon mass. Here, we have to deal with 14 different
topologies as shown in Fig. 2. None of these involves the lead-
ing, dimension-two ∆Nγ-vertices, such contributions only start
at O(ε4). Still, the algebra to evaluate the diagrams shown in
Fig. 2 is non-trivial. In particular the box-type diagrams which
three spin-3/2 propagators generate a large number of terms.
Therefore we have developed our own algebraic program that
combines FORM [10] and Mathematica to calculate the tree
and the loop diagrams. For details on this, we refer to [11].

4. We have calculated the spin-polarizabilities γ0(Q2) and
δ0(Q2) for the neutron and the proton. The resulting expres-
sions are very lengthy and will not be given here explicitely2.
However, we mention that our framework allows to take the
heavy baryon limit in which the nucleon and the delta are con-
sidered as heavy, static sources keeping the mass splitting fixed.
Indeed, we recover the heavy baryon results of [4]. In the fol-
lowing, we concentrate on the photon point Q2 = 0.
For obtaining numerical results, we use the following set of

parameters; gA = 1.267, Fπ = 93MeV, Mπ = 139.57 MeV,

2They can be obtained as a Mathematica notebook upon request from
hkrebs@itkp.uni-bonn.de.

mN = 938.9MeV, κv = 3.706, κs = −0.120, m∆ = 1233MeV.
Note that for better comparison with the results of [6] we use
the same values in the pion-nucleon sector. For the ∆ couplings,
we utilize the SU(4) (large-NC relations)

hA =
3gA
2
√
2
= 1.34 ,

b1 = −
3(1 + κp − κn)
2
√
2mN

= −
5.0
mN
= −5.32GeV−1 . (18)

Note that both of these values are consistent with the empirical
values. For the forward and the longitudinal-transverse spin-
polarizabilities at the photon point we find

γ
p
0 = 2.99q3 + 1.65q4 − 3.65ε3,tree − 2.06ε3,loop = −1.07 ,
γn0 = 2.43q3 − 0.61q4 − 3.65ε3,tree + 0.04ε3,loop = −1.83 ,
δ
p
0 = 0.97q3 + 1.07q4 − 0.36ε3,tree − 1.33ε3,loop = 0.45 ,
δn0 = 2.35q3 + 1.09q4 − 0.36ε3,tree − 0.61ε3,loop = 3.47 ,

(19)

in units of 10−4 fm4. The first two terms refer to the third and
fourth order pion-nucleon loop result, whereas the third and
the forth term are the delta tree and loop corrections at third
order in the SSE. We recover the pion-nucleon results from
Ref. [6] with the exception of δn0 (XXX clarify this). As also
found in that paper, the corrections from tree-level delta graphs
are large in the forward spin-polarizabilities whereas the delta
loop corrections for γn0 are very small. This is different for the
transverse-longitudinal polarizabilities, where the tree contribu-
tions are suppressed (as it was also found in the heavy baryon
calculation of [4]). We note that the parameter-free predic-
tion for γp0 agrees remarkably well with the empirical num-
ber, γp0 = −1.00 ± 0.08 ± 0.12 [12]. We note that this num-
ber is obtained using the well-known sum rule for γ0 in terms
of the measured difference of the photon-proton cross sections
with helicity 1/2 and 3/2 for photon energies between 200 and
1800 MeV combined with the MAID2003 prediction for the
region between the threshold and 200 MeV. (XXX give uncer-
tainty due to variation in hA etc XXX)

5. In this letter, we have worked out the leading effects of the
delta resonance on the forward and the transverse-longitudinal
spin polarizabilities of the nucleon, utilizing a covariant version
of the small scale expansion. At this order, all parameters are
known. So far, only γp0 has been measured and our result is
in excellent agreement with this value. However, it is manda-
tory to work out the corrections of O(ε4) and also to extend
the calculations to finite photon virtuality Q2 ! 0. With that,
one can also consider the slopes of the GDH and the Burkhard-
Cottingham sum rules as well as other low-energy spin structure
observables. At this order, so far undetermined LECs in the di-
mension two ∆Nγ Lagrangian will appear. Given however the
large amount of data on the moments of the spin structure func-
tions at low photon virtualities from Jefferson Laboratory com-
bined with data on real and virtual Compton scattering from
MAMI, Saskatoon and other laboratories, this fourth order cal-
culation will offer new tests of the chiral dynamics of QCD.
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 V2CS and polarizabilitiesFigure 1: Tree diagrams atO(ε3). Solid, double, dashed and wiggly lines denote
nucleons, deltas, pions and photons, in order. The filled circle is an insertion
from L(2)

πN∆.

Figure 2: Delta-loop diagrams at O(ε3). Solid, double, dashed and wiggly lines
denote nucleons, deltas, pions and photons, in order. Crossed graphs are not
shown.
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πN∆ appear first at third order in the SSE. Note further that at

this order there are no unknown low-energy constants (LECs),
since the couplings hA and b1 can be determined from the de-
cays ∆ → Nπ and ∆ → Nγ, respectively. Furthermore, the
fourth order contributions from the pion-nucleon Lagrangian
are given in terms of gA, κp and κn and are thus also free of
unknown parameters. The predictions for the generalized spin
polarizabilities are thus parameter-free. It is also important to
stress that in the covariant scheme employed here one has more
loop diagrams at leading order as compared to the heavy baryon
approach (cf. Fig. 2 in [4]). In that approach, these graphs only
appear at fourth order due to the additional counting in the in-
verse baryon mass. Here, we have to deal with 14 different
topologies as shown in Fig. 2. None of these involves the lead-
ing, dimension-two ∆Nγ-vertices, such contributions only start
at O(ε4). Still, the algebra to evaluate the diagrams shown in
Fig. 2 is non-trivial. In particular the box-type diagrams which
three spin-3/2 propagators generate a large number of terms.
Therefore we have developed our own algebraic program that
combines FORM [10] and Mathematica to calculate the tree
and the loop diagrams. For details on this, we refer to [11].

4. We have calculated the spin-polarizabilities γ0(Q2) and
δ0(Q2) for the neutron and the proton. The resulting expres-
sions are very lengthy and will not be given here explicitely2.
However, we mention that our framework allows to take the
heavy baryon limit in which the nucleon and the delta are con-
sidered as heavy, static sources keeping the mass splitting fixed.
Indeed, we recover the heavy baryon results of [4]. In the fol-
lowing, we concentrate on the photon point Q2 = 0.
For obtaining numerical results, we use the following set of

parameters; gA = 1.267, Fπ = 93MeV, Mπ = 139.57 MeV,

2They can be obtained as a Mathematica notebook upon request from
hkrebs@itkp.uni-bonn.de.

mN = 938.9MeV, κv = 3.706, κs = −0.120, m∆ = 1233MeV.
Note that for better comparison with the results of [6] we use
the same values in the pion-nucleon sector. For the ∆ couplings,
we utilize the SU(4) (large-NC relations)

hA =
3gA
2
√
2
= 1.34 ,

b1 = −
3(1 + κp − κn)
2
√
2mN

= −
5.0
mN
= −5.32GeV−1 . (18)

Note that both of these values are consistent with the empirical
values. For the forward and the longitudinal-transverse spin-
polarizabilities at the photon point we find

γ
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0 = 2.99q3 + 1.65q4 − 3.65ε3,tree − 2.06ε3,loop = −1.07 ,
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in units of 10−4 fm4. The first two terms refer to the third and
fourth order pion-nucleon loop result, whereas the third and
the forth term are the delta tree and loop corrections at third
order in the SSE. We recover the pion-nucleon results from
Ref. [6] with the exception of δn0 (XXX clarify this). As also
found in that paper, the corrections from tree-level delta graphs
are large in the forward spin-polarizabilities whereas the delta
loop corrections for γn0 are very small. This is different for the
transverse-longitudinal polarizabilities, where the tree contribu-
tions are suppressed (as it was also found in the heavy baryon
calculation of [4]). We note that the parameter-free predic-
tion for γp0 agrees remarkably well with the empirical num-
ber, γp0 = −1.00 ± 0.08 ± 0.12 [12]. We note that this num-
ber is obtained using the well-known sum rule for γ0 in terms
of the measured difference of the photon-proton cross sections
with helicity 1/2 and 3/2 for photon energies between 200 and
1800 MeV combined with the MAID2003 prediction for the
region between the threshold and 200 MeV. (XXX give uncer-
tainty due to variation in hA etc XXX)

5. In this letter, we have worked out the leading effects of the
delta resonance on the forward and the transverse-longitudinal
spin polarizabilities of the nucleon, utilizing a covariant version
of the small scale expansion. At this order, all parameters are
known. So far, only γp0 has been measured and our result is
in excellent agreement with this value. However, it is manda-
tory to work out the corrections of O(ε4) and also to extend
the calculations to finite photon virtuality Q2 ! 0. With that,
one can also consider the slopes of the GDH and the Burkhard-
Cottingham sum rules as well as other low-energy spin structure
observables. At this order, so far undetermined LECs in the di-
mension two ∆Nγ Lagrangian will appear. Given however the
large amount of data on the moments of the spin structure func-
tions at low photon virtualities from Jefferson Laboratory com-
bined with data on real and virtual Compton scattering from
MAMI, Saskatoon and other laboratories, this fourth order cal-
culation will offer new tests of the chiral dynamics of QCD.
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Strong improvement for γ0;  insensitivity of δ0 to the Δ-contributions confirmed

HB expansion in the presence of Δ seems not to converge even at the photon point

Consequently, some scheme dependence observed (IR vs DR), further study needed... 

Order-ε4 calculation needed to draw final conclusions 
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 Summary and outlook

Explicit treatment of the  Δ(1232) in chiral EFT within the SSE improves 
the description of the pion-nucleon system and nuclear forces.

Generalized forward spin polarizabilities are calculated up to order ε3 in 
the Lorentz-invariant formulation.  Δ loop contributions to γ0 are large and 
strongly improve the description of the data; δ0 appears to be less 
sensitive. 

Still to be done (work in progress):

Nuclear forces to order ε4; V2CS at order ε4 in Lorentz-invariant ChEFT; 
global analysis of πN data, form factors, π photo-/electroproduction in 
Baryon ChEFT with explicit Δ
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 Implications for nuclear forces   

NLO

N2LO

Δ-less theory Δ-full theory: additional graphs

N3LO

EE, Krebs, Meißner, NPA 806 (08) 65
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 Implications for nuclear forces   

NLO

N2LO

Δ-less theory Δ-full theory: additional graphs

N3LO

Δ contributions at N3LO are large!

Long-range part is parameter free

Much richer spin/isospin structure 
compared to the Illinois model
Complete analysis still to be done

isoscalar central potential

Illinois model

Ring (Δ), chiral EFT

Krebs, E.E., in progress

EE, Krebs, Meißner, NPA 806 (08) 65
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