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Magnetic moment of the Roper

Effective Lagrangian relevant for the magnetic moment of the Roper

L=Lo+Lr+Lr+ Lyr+ LAR.
Here
Lo = N@P—myg)N + R@EP—mpo)R
- ‘T’ufg[(il)— mao0) g — i (YD + 4 DY + it PryY + mag PV 1E2W,
N and R denote nucleon and Roper iso%pin doublets. W, are the Rarita-
Schwinger fields of the A resonance, £2 is the isospin-3/2 projector.

Covariant derivatives are defined as follows:
D,H = (a +r —iv(s))H
v — % % v 3

OV — i€, Wy i+ TpWy, — Z-v/(;)wy,i,

(DMW)I/,i
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Lowest-order Goldstone boson Lagrangian:

F2 F2 )2
£ — ol (ouUa"UT) +

Tr (UT —+ U)

+ i%QTr (0,UUT 4+ 0,UTU ) v + -+ .

vt = —e%AM; Pion fields are contained in U; F' is the pion-decay con-
stant in the chiral limit; M2 = 2Bm, where B is related to the quark
condensate (gq)g in the chiral limit.

LLeading order pion-Roper Lagrangian:
1 IR 5
E%) = Rytvysuu R,
where ggr is an unknown coupling constant and
Uy =1 [uT(‘?Mu — u@HuT —1 (uTvluu — uvuuT)} :

where u = +/U.



Second and third order Roper Lagrangians:

c?) = R[C—6fj; 51},&)] YR A -
) = 5d6R DM, ] DR+ h.c.+2id}R (aﬂ&”) D’R4+hc.4+---,
where

v/(fy) = 8ﬂfv(> 8,,vff),

(s) _ _eAu
vyl = 5
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and cg, c7, dg and d3 are unknown coupling constants.



LLeading order interaction between the nucleon and the Roper:
1 INR 5
5\]}{ == RyH~suyN + h.c.

with an unknown coupling constant gyg.

LLeading-order interaction between the delta and the Roper:

_ 3 _
21)12 = —gaArRVu&2 (¢" + 29"y )uww R+ h.c.,

where ga r IS a coupling constant and we take z = —1.



We apply the complex-mass scheme (CMS):

R. G. Stuart, in Z9 Physics, ed. J. Tran Thanh Van (Editions Frontiers,
Gif-sur-Yvette, 1990), p.41.

A. Denner, S. Dittmaier, M. Roth and D. Wackeroth, Nucl. Phys. B560,
33 (1999).

A. Denner, S. Dittmaier, M. Roth and L. H. Wieders, Nucl. Phys. B724,
247 (2005).

Generalization of the on-mass-shell scheme to unstable particles.

Well suited for unstable particles in perturbation theory.



Bare parameters of the Lagrangian are split into complex (in general)
renormalized parameters and complex (in general) counterterms.

Renormalized masses are chosen as poles of dressed propagators in chiral
limit:

mpo = 2y 1T 02y,
myo — mX+5m7
mao = ZAx T 0zZAy - (1)

zy - complex pole of the Roper propagator in the chiral limit.
my - Mass of the nucleon in the chiral limit.
ZAy " pole of the delta propagator in the chiral limit.

Renormalized parameters z,, m, and ZAy are included in the propagators
and the counterterms are treated perturbatively.



Power counting:

Interaction vertex obtained from an O(q"™) Lagrangian ~ ¢",

Pion propagator ~ g2,

Nucleon propagator ~ g1,

A propagator ~ ¢~ 1,

Roper propagator ~ ¢~ 1,

Loop integration ~ ¢%.

Within CMS, such a power counting is respected in the range of energies
close to the Roper mass.



Dressed propagator of the Roper
)
p— 2y — ZR(P) 7

where —i>_p(p) denotes the self-energy of the Roper.

iSp(p) =

the pole of the dressed propagator Sp is obtained by solving
z—2zy—2p(z) =0.

The pole mass and the width:

IR
Z=mp—1i—.
2

Dressed propagator has a pole only on the second Riemann sheet.

ZR(ZX) =0

on the second Riemann sheet.

ZR(Zx) 7 0

on the first Riemann sheet.

(2)

(3)



Roper propagator close to the pole

/4
iSr(p) = ;_ S tnp..

Physical quantities characterizing unstable particles have to be extracted
at pole positions using the complex-valued Z.

Up to order O(q¢3), Z is obtained by calculating the Roper self-energy
diagrams shown in Figure.




Diagrams contributing in Roper form factors

Tree diagrams:
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Loop Diagrams:
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Parameterize the renormalized vertex function for pj% = p? = 22

’l:O"LLVqV

VZ &' (pp)TH(ps, p)w! (p)VZ = w'(ps) | v F1(¢®) + T F2(q?) | w (py)-

F1(q?) and F»(¢?) are complex valued functions.

Z X tree diagrams subtracts all power counting violating loop contribu-
tions in Fy(¢?). We obtain F;(0) = (14 73)/2.

Power counting violating loop contributions in magnetic form factor are
absorbed in the renormalization of cg and c7.

Subtracted loop contributions satisfy the power counting.



Magnetic moment:

pr = F2(0).

Fo(t) = my[G1(t) + 73G2(1)].

Tree order result:

GY®%(0) = mycj,
GEe(0) = 2mpycE.
Loop contributions:
3 2
I g
GYOP(0) = i {[z% — Ao (23)

1622y (M2 — 422) 72
— (M2 =323) Bo (23, M?, 23)IM? 4+ (M? — 227) Ag (M?) - - -}

2
G3%0) = 16F22, (]\j]; _ 4z>2<) 2 {_AO (z>2<) M= + (3M2 B 1OZ>2<> Ao (M2>

+ z>2< [MQ — 2 (M2 —4z>2<) By (zi,O,zi)] —I—}



Loop functions are given as

Ao (m?)

Bq (pz, m%, m%)
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where >Fq (a,b;c; z) is the standard hypergeometric function, u is the
scale parameter of the dimensional regularization and

~ 1672

{n i - % In(4m) + (1) + 1]} |



Vector form factor of the pion

Effective Lagrangian relevant for the pion form factor calculation (up
to higher order terms)

_ F? il o F2 T
L = TTr[DMU(D U)}+7Tr[XU +UX]

M?2 4 ¢, Tr [X—|—] /4

+ pe Tr[(gpt — i) (gpp — il )]
1

-5 Tr [ppwp!™] + i da Tt [pp TH]
V2

— ST {pw (4)



Here

U@ = @) = e ()

DNA = a,uA — ’I:’I“'LLA + 'LAZ,LL )
X+ = M2(UT+U),
1

Tw = 3 [“Tauu + udpul —i (“TW“ + “l“uT)} !
p/U/ — 8’“101/ — (9’/p’u — 19 [p'UJ7 pl/] 3
I_,LLI/ p GMI_,/ — ayr'u + [rﬂa I_V]7
Y = wFful £ ulFRY

ru = vptau, lp=vy—ay,

vy and a, are external vector and axial vector fields.

Renormalization using CMS.



Power counting rules:

Pion propagator ~ (’)(q_2) if it does not carry large external momenta
and ~ O(¢0) if it does.

Vector-meson propagator ~ (’)(qo) without large external momenta and
~ O(q~1) - otherwise.

Pion mass ~ O(ql), p-meson mass ~ O(g®), and the width ~ O(ql).
Vertices generated by £7(T”) count ~ O(q").
Derivatives acting on heavy vector mesons ~ O(g°).

Investigate all possible flows of external momenta through loop diagrams
and determine the chiral order for each flow.

Smallest order resulting from various assignments = chiral order of the
diagram.



Diagrams contributing to the pion form factor.



Diagrams of group a).



Diagrams of group b).
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Data:
Kloe Collab., Phys. Lett. B 670 (2009);

S. Schael et al. [ALEPH Collaboration], Phys. Rept. 421, 191 (2005).



Some aspects of complex-mass scheme

CMS leads to complex-valued renormalized parameters.

Issue of perturbative unitarity of the S-matrix in the CMS is still open.
Lagrangian does not change — Unitarity is not violated in exact theory.
Perturbation theory is based on order-by-order approximation to the

exact results — Not obvious that the approximate expressions to the
S-matrix satisfy unitarity.



Branching points are determined by poles of full propagators.
Branching points corresponding to unstable particles are complex.
Cuts can be placed arbitrarily.

Sometimes branching points, corresponding to unstable states, are placed
on real axis.

If poles are not very far from the real axis this is a reasonable approxi-
mation.

CMS places the poles and branching points at exact (complex) positions
already at the leading order.



Imaginary parts of loop integrals with complex masses

Standard causal propagator of a scalar particle

B 1 B p2_m2 ‘
= ]

e — O limit is assumed.



Corresponding advanced and retarded propagators:

SRR N W W
2Ep |po—Ep—1ie po+ Ep—ic
e pz_qu —|—7L7r5(p2—m2>0p,
(p2_m2> 42
Sr(p) = : : — — ! ]
2Ep |po—Ep+te po+ Ep—+ie
p2_m2

_ : 2 2
= e T

where o, = sign(pg) and Ep = \/52 + m?.




Propagator of an unstable scalar particle in CMS

1
/ —_
S = i+ o

p2 — M? i (MT 4+ ¢€)

(M2 M 402 (2 - M2) 4 (M 462

e can be neglected for finite ', but important for ' — O.



" Advanced’ and "retarded” propagators:

w(p) +w(p)* [po —w(p)* po+ w(p)
_ PP M7 - M2/ 2e(p)?) | iMT Po
(p2 _ M2)2 + M?2r2 <p2 _ M2)2 + M212 x(p) ’
, 1 1 1
r(p) = w(p) +w(p)* |po — w(p) po+ w(p)*]
p? — M? — M?T?/(2z(p)?) i M PO
(p2 - M2)2 4 M2r2 (p? - M2)2 1+ pm2r2x(p)’

w(p) = z(p) —iy(p),
1
z(p) = 7 \/(g;‘ + M2r2

) 242 =g+ 0(m),

/

v = o (g8 +22r2) P g2 = w2 + 0.

& =\/F 2+ M2




Consider one-loop integral

n=i [ T 4 ot g g - p)s(R)S () (5)
=1 7T — .
L (2m)% (2m)4 P !
Imaginary part of this integral is given by
d*k  d*q 454
Im({I4| = 2 0" (k —

12 2 2 — M2
: [(kz 2\2 4 2 (g2 — 112)2 22
—m) + e (q —M) + M2r

5 5 M
— 7o (k _m)<q2—M2)2—|—M2|—2}. (6)

To rewrite the first term consider the equality

, d*k  d* /
0=1 (2m)? (2734 (2m)*6%(k 4+ q — p)Sa(k)Sk(q) (7)




and take the imaginary parts of both sides

d*k  d%q

_ 454 _
0 = | Goieans (2m)*6"(k +q —p)
kQ . mQ (]2 . M2
x [ 2 2
(kz _ mz) 42 <q2 _ Mz) 4 M2r2

q0 MT
Eq (q2 _ M2)2 4 M2r2

+ 76 (k* = m?) oy, +0(r?)]. (8)
Subtracting Eq. (8) from Eq. (6) obtain
(M|_—|—€> [1+O-p—ko-k}

5 +0(r?),
(p— k)2 = M?|" + (MT +€)?

Im[I] = —n a*k 5 (k2 —m?)

(2m)*
dk
(2m)*
where the second line corresponds to the standard cutting formula for
loop integrals with real masses.

5 (k2 - m2) 5((p — k)2 — M?) [1 + oy ak} ,

r-o = —T



Generalization to any one-loop integral with complex masses leads to:

e For each cut of the line of an unstable particle one obtains one
overall factor of I'.

e For each cut of the line of the stable particle one gets a delta-
function.

e For the integrals containing only propagators of stable particles the
usual cutting rules apply.



The Model

Consider a model of an unstable vector boson interacting with a fermion

1 M?2
_ v 0 m
+ o (i — mo) Yo + g0 Yo Yo Bh,
where F?, = 8,B;) — 0uB}.

Vector boson decays into a fermion-antifermion pair.

Renormalization in two steps: first get rid off the divergences by applying
the dimensional regularization with the M.S scheme.

Next express the renormalized masses of MS scheme in terms of poles
of the dressed propagators.



Substitutions into the Lagrangian

Bj — B*, Yo—1,
mg — m—+dm, 90—9;
ME — M?—iMTl +6z=z+6z, (9)
result in
L = Lmain + Lct,
1 z _ _
Lmain = 2 FWFW+§BMB“+¢(@ﬁ—m)¢+g¢w¢B“,
) _
Lo = gBMBM—amwp.

Counter term Lagrangian Lt is treated perturbatively and the propaga-
tors read

7
p—m-+ie’

: - Juv — PuPv/z
ZS,uV(p) — Ml/p2 M I// .

i Sp(p)

(10)

— Z



Perturbative unitarity of the S-matrix

Diagrams contributing in the ff — ff amplitude:

X o
I I S
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Imaginary part of the tree-order amplitude shown in Fig. a)

s — 2 M1

Im[T,] = Im|VH Vi|l==VH V,. (11
[Tl (s —2)(s —z*) ’u] (s —2)(s — z*) pe (11)

Imaginary parts of one-loop diagrams c¢) and i)

Im [M(s) + 2] 3
ImI[T;, 4+ T, =VH# V, O(r2). 12
[7; + 7] oG o) (12)
The "square” of the tree-order amplitude above reads
I I

Tt = pyn_ IMING)] V. (13)

(s —2)(s — 2z*)

From Egs. (11), (12) and (13), using Im[§z1] = M T + O(%?2), follows
that unitarity is satisfied up to @ (I‘3).



Summary

e Magnetic moment of the Roper resonance in the framework of the
low-energy EFT of QCD.

e VVector form factor of the pion.

e Perturbative unitarity of the scattering amplitude within CMS for
one-loop diagrams.

e Result obtained under assumption that the expansion parameter re-
mains real.

e Unstable particles do not appear as asymptotic states.

e Generalization of cutting rules to multi-loop diagrams is straightfor-
ward, analysis of perturbative unitarity - more involved.



